étale topology, and C Zar (G) the analogous ring for bundles locally trivial in the Zariski topology. Since any bundle which is locally trivial in the Zariski topology is locally trivial in theétale topology, there is a natural homomorphism C(G) → C Zar (G) , but the two rings can differ, as we discuss below.
To state our results, we need some notation. Let T be a maximal torus of G, B a Borel subgroup containing T , U the unipotent radical of B, and W the Weyl group. LetT denote the group of characters of T . Let S(T ) be the symmetric algebra over Z of the free abelian groupT . If λ : T → G m is a character of T , we extend λ to a character of B (still denoted λ) by making λ| U trivial. Let k λ be the corresponding 1-dimensional representation of B on the ground field k. If E → X is a principal G-bundle, we can form a line bundle L λ = E × B k λ → E/B. The map λ → c 1 (L λ ) is a group homomorphism fromT to A 1 (E/B). This extends to a ring homomorphism Φ E : S(T ) → A * (E/B).
Theorem 1 (a) Let E → X be a Zariski locally trivial principal G-bundle, and let f ∈ S(T ) W . There is a unique element c f (E) ∈ A * X which pulls back to Φ E (f ) ∈ A * (E/B). The assignment E → c f (E) is a characteristic class for Zariski locally trivial principal G-bundles. If E → X is not Zariski locally trivial, the same statements hold after tensoring with Q.
(b) The map S(T ) W → C Zar (G) , f → c f , is an isomorphism. (c) The map S(T ) W ⊗ Q → C(G) ⊗ Q, f → c f , is an isomorphism.
The following is an immediate consequence of our result for G = GL(n).
Corollary 1
The only algebraic characteristic classes for vector bundles are polynomials in the Chern classes.
In topology the ring of characteristic classes is just H * (BG) where BG is the classifying space of G. Since H * (BG; Q) = S(T ) W ⊗ Q, the theorem says
Borel showed that with integer coefficients H * (BG; Z)/T ors injects into S(T ) W (cf. [F] ). This implies the following corollary.
Corollary 2 All characteristic classes (mod torsion) from topology are algebraic when applied to Zariski locally trivial principal G-bundles.
What is new in Theorem 1(c) is that these are the only characteristic classes with rational coefficients.
Given a representation V of G we can construct characteristic classes which assign to a principal G-bundle E → X a polynomial in the Chern classes of the associated vector bundle E × G V → X. The classes Vistoli constructs are Q-linear combinations of these. Combining Vistoli's result with Theorem 1(c) shows that every element of C(G) ⊗ Q is of this form.
In general, we do not know if integral polynomials in Chern classes of associated vector bundles generate C(G) (in part because because we do not have a complete description of C(G) for non-special groups). However, for the classical groups other than SO(2n), C Zar (G) is generated in this way. For G = SO(2n) the only generator of C Zar (G) which cannot be so constructed is the Euler class, which was constructed in [E-G] (this paper gives an implicit construction of the Euler class as well). For the exceptional groups, we do not know which characteristic classes come from representations.
In topology, the ring of characteristic classes with arbitrary coefficients can be computed from the ring of characteristic classes with integer coefficients. By contrast, we do not know how to use Theorem 1 to compute the ring C Zar (G; R) of characteristic classes with values in A * ( ; R), for an arbitrary ring R. Note that C Zar (G; R) need not be isomorphic to
Examples. For G equal to GL(n), Sp(2n), or SO(2n + 1), C Zar (G) is isomorphic to the polynomial ring Z[t 1 , . . . , t n ], where the t i are constructed from the defining representation of G, as follows. For GL(n), we can take t i to be the i-th Chern class of the associated vector bundle. For Sp(2n) and SO(2n + 1), t i is the 2i-th Chern class.
For G = SO(2n), C Zar (G) is also isomorphic to the polynomial ring Z[t 1 , . . . , t n ]. For i < n, t i is the 2i-th Chern class of the associated rank 2n vector bundle, but t n is the Euler class; this class satisfies the relation t 2 n = (−1) n c 2n . The Euler class cannot be expressed as a polynomial in the Chern classes of an associated vector bundle. If it could, then it would be defined in C (G) . However, Totaro [T2] has shown that in general only some multiple of the Euler class is defined in C (G) . This example shows that the rings C(G) and C Zar (G) are not isomorphic in general.
From the examples above, one might suspect that C Zar (G) is always a polynomial ring. However, Feshbach [F] shows that for G = Spin(10), H * (BG)/T ors is not a polynomial ring, but is isomorphic to S(T ) W . Since we prove C Zar (G) = S(T ) W , it follows that C Zar (G) is not always a polynomial ring. Feshbach also shows that the map H * (BG)/T ors → S(T ) W is not surjective for G equal to Spin(11) or Spin(12) . This shows that there are characteristic classes for Zariski locally trivial G-bundles which cannot be defined in topology.
Remark on the proof. We only present the proof of Theorem 1 in the Zariski locally trivial case. The same proof works for general principal bundles after tensoring with Q. The main point is that if f : Y → X is a Zariski locally trivial flag bundle then A * Y is free over A * X. However, for general flag bundles this is not true.
Notation: A "scheme" will mean an algebraic scheme over a fixed algebraically closed field k. A * X refers to the operational Chow ring of [Fulton, Chapter 17] . For smooth schemes, A * X coincides with the usual Chow ring. A * X refers to the Chow groups of [Fulton, Chapter 2] . The evaluation of a characteristic class c on a principal bundle E → X will be denoted c(E → X), or simply c(E) when there is no confusion about the base; c(E → X) is always an element of A * X.
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Reduction to the quasi-projective case We can define the ring of characteristic classes for principal G-bundles over quasi-projective schemes as above. Note that this ring might not be the same as the ring of characteristic classes of bundles over all schemes, since there could be characteristic classes over quasi-projective schemes that cannot be defined for all schemes. Conversely, there might be nonzero characteristic classes which are zero when applied to any bundle over a quasiprojective scheme. The following lemma says that neither of these possibilities occurs.
Lemma 1 Let G be an algebraic group. The ring of characteristic classes of principal G-bundles over quasi-projective schemes is the same as the ring of characteristic classes of principal G-bundles over arbitrary schemes. The same statement is true for characteristic classes of Zariski locally trivial principal G-bundles.
Recall ( [Fulton, Definition 18.3 and Lemma 18.3] ) that every scheme X has a Chow envelope p : X ′ → X, which is a quasi-projective scheme such that for every subvariety V ⊂ X there is a subvariety V ′ ⊂ X ′ mapping birationally to V . The most important property of Chow envelopes is that the pullback p * : A * X → A * X ′ is injective. Moreover, X ′ may be chosen so that there exists an open set U ⊂ X such that p is an isomorphism over U and the complement Z = X − U has smaller dimension than X. For the sake of brevity, we will call such an X ′ a birational Chow envelope of X. In this case, the image of p * in A * X ′ has been described by Kimura ([K] ). Proof: The proof of the lemma is in two steps. We first show that if a characteristic class c for bundles over arbitrary schemes is zero for all bundles over quasi-projective schemes, then it is zero. We then show that a characteristic class c for bundles over quasi-projective schemes is the restriction to such bundles of a characteristic class for bundles over arbitrary schemes.
Step 1: Suppose E → X is a principal bundle over an arbitrary scheme. Let p : X ′ → X be a Chow envelope, and let E ′ → X ′ be the pullback bundle. By hypothesis, 0 = c(E
Step 2: It suffices to show the following. Suppose E → X is a G-bundle and p : X ′ → X a map with X ′ quasiprojective. Let c be a characteristic class for bundles over quasi-projective schemes. Then c(p
is the pullback of a class in A * X. Suppose the statement is true for all schemes of dimension smaller than X. We will first prove the statement assuming that X ′ → X is a birational Chow envelope. Let Z ′ = p −1 Z, and consider the following diagram:
, which is a pullback from A * Z by the inductive hypothesis. This proves the statement if X ′ → X is a birational Chow envelope. To deduce the statement for arbitrary X ′ , letX → X be a birational Chow envelope, and consider the Cartesian diagram:X
′ * is injective, so c(E ′ ) = p * α, as desired. △ By the above lemma, to calculate rings of characteristic classes it suffices to do so for bundles over quasi-projective schemes. For the remainder of this paper we will therefore assume that all schemes are quasi-projective.
Classifying Spaces in Algebraic Geometry
The purpose of this section is to describe a construction, due to Totaro, of an algebro-geometric substitute for the classifying spaces of topology. In order to say what we mean by a substitute, it is helpful to recall what classifying spaces are. In topology, given a contractible space EG on which G acts freely, the quotient space BG is called the classifying space for G, and the bundle EG → BG is called the universal bundle. A principal G-bundle over any space X is pulled back from the universal bundle by a classifying map X → BG, and homotopic maps induce the same pullback bundle. Hence there is an isomorphism of H * BG with (cohomology) characteristic classes of principal G-bundles.
Because the topological spaces EG and BG are infinite dimensional, it seems unreasonable to expect to find a bundle of schemes which is universal in the category of schemes. The next best thing would be to find a directed system of bundles of schemes E n → B n , such that any principal G-bundle of schemes pulls back from some E n → B n . However, we do not know how to produce this.
1 What Totaro produces instead is a directed system of bundles as above, with the following property: for any principal G-bundle E → X, there is a map X ′ → X with fibers isomorphic to A m such that the pullback bundle E ′ → X ′ is pulled back from one of the bundles in the directed system by a map X ′ → B n . Moreover, in this situation, for fixed i, the Chow groups A i (B n ) are all isomorphic for n sufficiently large. By abuse of notation, we call this group A i (BG). The directed system above is Totaro's algebro-geometric substitute for BG. The system possesses the following two properties, analogous to ones familiar from topology. First, there is a map A * (BG) → C(G), α → c α , defined as follows. Because the bundle X ′ → X has fibers isomorphic to A m , by [G, Theorem 8.3] , the Chow groups A * X and A * X ′ are isomorphic. Thus, given α ∈ A i (BG), pullback gives a class, which we denote c α (E) in
The class c α (E) in A i X depends only on the class in A i (BG) and on the bundle E → X, not on the choice of X ′ → X or the classifying map X ′ → B n . Moreover, the assignment E → c α (E) is natural with respect to pullbacks. Hence c α is a characteristic class. Now arguing as in topology shows the following.
Because of this theorem, we will use the notations A * (BG) and C(G) interchangeably.
The other nice property that this directed system possesses is simply that by replacing X by X ′ one can assume that the bundle E → X is pulled back from some bundle in the directed system. This enables one to reduce some computations to computations in the directed system.
By abuse of notation we will write EG → BG as schemes, where we really mean we are working in some bundle in the directed system. This should lead to no confusion, since we will never use the topological notion of classifying space.
We give some details of Totaro's construction, since we will need it to compute the groups
with trivial stabilizer. V sf is an open (possibly empty) subset of V . Since the orbits in V sf are closed in V and have the same dimension as G, there is a geometric quotient V sf → V sf /G (cf. [GIT, Chapter 1, Appendix B] ). Furthermore, since the action of G on V sf is free, V sf → V sf /G is actually a principal G-bundle. These bundles form the directed system; the morphisms are just inclusions. Given a representation V such that V sf is non-empty (we will see below that such representations exist), let
Hence by replacing V by a direct sum of copies of V we may assume that V − V sf has arbitrarily high codimension. Totaro shows that A i (V sf /G) does not depend on the choice of V as long as the codimension of V −V sf is greater than i. His argument uses Bogomolov's double fibration (cf. the proof of Lemma 2).
The classifying map is constructed as follows. Suppose E → X is a principal G-bundle. Then there exists a bundle X ′ → X, with fibers A m , such that the total space E ′ = E × X X ′ is affine. Because E ′ is affine, there is a representation V of G and a G-equivariant embedding E ′ → V . (V may be taken to be a subspace of the space of regular functions on E ′ .) Since the action of G on E ′ is closed and free, the map
Of particular importance is the case when G = T is a torus. Then A * BT = C Zar (T ), since all principal T -bundles in algebraic geometry are locally trivial in the Zariski topology [Sem-Chev] . There is a group homomorphismT → A 1 BT taking a character of T to the first Chern class of the associated line bundle on BT . This extends to a ring homomorphism
Lemma 2 The map S(T ) → A * BT is an isomorphism.
Proof: Assume first that T = G m . In this case, we can take V to be a product of N copies of the 2 dimensional representation acted on by the torus with weights 1 and −1. The complement of (V sf ) has codimension 2N − 1. Claim:
We use Bogomolov's double fibration argument. Let W be the 2N-dimensional representation of T with all weights equal to 1. Then (W − {0})/T = P 2N −1 , and (V + (W − {0}))/T is an affine bundle over
where t is a generator of A 1 (P n ). S(T ) is also a polynomial ring in one variable and the above map takes a generator to a generator. This proves the lemma for T = G m . In the general case, T will be a product of 1-dimensional tori T 1 , . . . , T n , and S(T ) decomposes as the tensor product of the S(T i ). On the other hand, BT is the direct product of the BT i and A * BT decomposes as the tensor product of the A * (BT i ). The map S(T ) → A * BT is compatible with these tensor product decompositions and hence is an isomorphism. △ We will also be interested in the case of B-bundles, where B is a Borel subgroup of G. As is the case with tori, principal B-bundles are locally trivial in the Zariski topology, so we do not have to distinguish between A * BB and C Zar (B) . If E → X is a B-bundle, then E/U → X is a T -bundle and E → E/U is an affine bundle. In particular, characteristic classes of B-bundles are uniquely determined by a characteristic class for T -bundles. This fact can be summarized in the following useful lemma.
A bound on characteristic classes of arbitrary bundles Define a map from principal T -bundles to Zariski locally trivial principal G-bundles by associating to a T -bundle E → X the G-bundle E × T G → X. The associated bundle is Zariski locally trivial, since the original T -bundle is Zariski locally trivial by [Sem-Chev] . Next define a map
The Weyl group W acts on the set of principal T -bundles as follows: If Y → X is a T -bundle define wY → X as having total space Y but with twisted T action given by y · w t = y(wtw −1 ) (where the action on the right is the original action). The formula wc(Y → X) = c(w −1 Y → X) defines a W action on A * BT which is compatible with the W action on the representation ring S(T ).
Lemma 4 The map
Proof: Suppose c T = 0. Let p : E → X by any Zariski locally trivial Gbundle. Let q : E/T → X be the associated G/T -bundle. Now, E → E/T is a T -bundle. By assumption, c T (E → E/T ) = 0. Thus, by definition,
But q * is injective because q factors into a composition E/T → E/B → X; the first map is an affine bundle and the second map is a proper locally trivial bundle. Thus c(E → X) = 0.
Since E → X was arbitrary, c = 0, so the map is injective. To see that c T is W -invariant notice that the map
Proof of the theorem By Lemma 4 we know that C Zar (G) ⊂ S(T )
W . It remains to show that any W -invariant polynomial f ∈ S(T ) defines a characteristic class. In particular we must show that if E → X is a locally trivial G-bundle then the class p = Φ E (f ) in A * (E/B) is a pullback from X. By [K] , because the G/B-bundle E/B → X is locally trivial, showing Φ E (f ) is a pullback is equivalent to showing that π *
The theorem follows from the following lemma.
Lemma 5 π * 1 p = π * 2 p. Proof: First note that by [V] 
Thus, there is some constant n ∈ Z such that nf is a characteristic class, so n(π * 1 p − π * 2 p) = 0 for any principal bundle E → X (this bundle need not be locally trivial).
Since the bundle E → X is pulled back from the universal bundle over BG, it suffices to prove the lemma for X = BG. In this case, E/B = BB and our fiber square becomes
Now, BB × BG BB → BB is a fiber bundle with fiber G/B. The structure group of this bundle reduces to B, so this bundle is Zariski locally trivial. Since G/B has a decomposition into affine cells, Proposition 1 below implies that
and A * BB are both torsion-free, so is A * (BB × BG BB). Thus, π * 1 p − π * 2 p = 0, as desired. △ Proposition 1 Let f : Y → X be a smooth proper locally trivial fibration with X smooth, whose fiber F has a decomposition into affine cells. Then A * Y is (non-canonically) isomorphic to A * X ⊗ A * F as an abelian group.
Proof: Since everything is smooth we may identify the Chow cohomology A * Y with the Chow homology A * Y . Let U ⊂ X be an open set over which f is trivial. Since F has a cellular decomposition, A * (f −1 (U)) ≃ A * U ⊗ A * F (cf. [Fulton, Example 1.10 .2]). Let b 1 , . . . , b n be a basis for A * F x 0 where F x 0 is the fiber over a point x 0 ∈ U. Choose representatives b i = a ij [V ij ], and set B i = a ij [U × V ij ] ∈ A * (Y ). We claim the B 1 , . . . , B n form a basis for A * Y over A * X.
To prove the claim argue as follows. Let F x be any fiber. Since F x is algebraically equivalent to any other fiber, the restrictions of the B i to F x are algebraically equivalent to their restrictions to F x 0 . However, because F has an affine cellular decomposition, the group of cycles modulo algebraic equivalence is equal to the Chow group. Thus, the classes B i restrict to a basis for the Chow group of every fiber.
The proposition now follows from the following algebraic version of the Leray-Hirsch theorem.
Lemma 6 Let f : Y → X be a smooth proper locally trivial fibration whose fiber F has a decomposition into affine cells. Let {B i } ∈ A * Y be a collection of classes that restrict to a basis of the Chow groups of the fibers. Then {B i } form a basis for A * Y over A * X, i.e. every y ∈ A * Y has a unique expression of the form y = B i ∩ f * x i with x i ∈ A * X (This makes sense even when X is singular, so that A * X is not a ring.)
Proof: This is an easy generalization of [E-S, Lemma 2.8]. △
